We prove joint measurement and state reduction formulas from a plausible physical assumption. We compare our approach to joint measurement and state reduction to Masanao Ozawa's, and argue the advantages of our approach. We give an example of a POVM which is not experimentally realizable.
Introduction.
Masanao Ozawa has recently published several papers on quantum measurement [1] [2] [3] [4] [5] [6] [7] . He has obtained many interesting new results. Ozawa argues, correctly I believe, that existing proofs of the joint measurement formula (JMF) and the state reduction formula (SRF) are inadequate or flawed [1, p. 6] , [2, p. 616] , [3, p. 123] , [4, p. 233] . He then offers his own proofs of a JMF [1, Th. 3] , [4, Th. 5 .1] and an SRF [2, Eq. 32], [3, Eq. 43] .
As background for a discussion of the JMF and SRF, Section 2 reviews the postulates of quantum theory, minus a JMF or SRF.
Section 3 describes my approach to the JMF and SRF. I add an assumption to the postulates: measurements on one member of a pair of entangled systems do not affect the probabilities of results of measurements on the other member (Eq. (3)). The assumption implies a JMF and SRF. A consequence of this is that relativistic causality implies that quantum theory is nonlocal. All this sheds new light on entanglement, state reduction, nonlocality, and causality in quantum theory.
Section 4 describes Ozawa's approach to the JMF and SRF. He adds a stronger assumption to the postulates to prove his JMF and SRF: measurements on one member of a pair of entangled systems do not affect the Schrödinger evolution of the other member. For example, if one member of a pair of quantum systems in the singlet state is measured, then the other member continues to evolve according to Schrödinger's equation. This is incompatible with the view that the measurement is accompanied by a state reduction of the other member, a view rejected by Ozawa [3, p. 123] .
Section 5 argues that my approach allows a more satisfactory understanding of state reduction than Ozawa's. Section 6 argues that the account of measurement and state reduction given here suffers no measurement problem. Section 7 gives an example of a POVM for a joint measurement which does not satisfy the JMF and thus is not experimentally realizable.
Quantum Theory.
We summarize here the postulates of quantum theory, excluding a JMF and SRF. For more details see [8] [9] . As described in §1, Ozawa and I add different assumptions to the postulates to prove our JMF and SRF.
A quantum system S is represented by a complex Hilbert space H S , which in this paper will be finite dimensional. A state of S is represented by a density operator σ on H S . An observable of S is represented by a positive operator valued measure (POVM) S whose values are operators on H S . Let E s be the operator associated to the set {s} by S. According to the measurement postulate, if S is measured on state σ, then the probability of result s is Pr(s) = Tr(E s σ). Our results and Ozawa's are restricted to observables represented by self-adjoint operators. Then the E s are projection operators. If S is isolated, then σ evolves unitarily according to Schrödinger's equation. Important: for now, "isolated" excludes "entangled with another system". The extent to which Schrödinger's equation applies to a quantum system entangled with another will be the focus of §4 and §5.
Let P be another quantum system, entangled with and spatially separated from S. The system S + P is represented by the Hilbert space H S ⊗ H P . Thus the states τ of S + P are represented by density operators on H S ⊗ H P , and the observables by POVMs whose values are positive operators on H S ⊗ H P . The POVM representing a measurement of S on S + P maps {s} to E s ⊗ I. Then from the measurement postulate,
This completes our list of postulates. Since Tr(E s σ) = Tr(E s σ ′ ) for all self-adjoint S and all s implies σ = σ ′ , the probabilities Tr(E s σ) uniquely determine the state σ. Thus if Tr(E s σ) = Pr(s) for all S and all s, then the state of S is σ. We will use this criterion often.
For reference we list several identities which we will use without comment:
and (X ⊗Y )|s⊗p = X|s ⊗Y |p . The partial trace operator Tr P maps operators on S + P to operators on S [10, p. 305]. We have the partial trace identities Tr(X) = Tr[Tr P (X)] and Tr P [(X ⊗ I)Y ] = XTr P (Y ) [8] [9] .
We can use the above criterion and the two partial trace identities to prove that if the state of S + P is τ , then the state of S is Tr P (τ ):
3 Joint measurement and state reduction.
Theorem (Joint Measurement Formula). Suppose that at time t 1 the state of S + P is τ . At time t P ≥ t 1 measure self-adjoint observable P of P, with result p. At time t S ≥ t 1 measure self-adjoint observable S of S, with result s. Let U P be the Schrödinger unitary evolution operator for P from t 1 to t P . Let U S be the evolution operator for S from t 1 to t S . Then
As stated in §1, I add an assumption to the postulates to prove the theorem:
The left side is the probability of s, not taking into account the result of the P measurement. The equation says that, given the state Tr P (τ ) of S, the probability of s is unaffected by P or its measurement. Eq. (3) is a no signalling condition: if it were violated, then we could signal from P to S by measuring P. If the P and S measurements were spacelike separated, then the signal would be superluminal. Thus Eq. (3) preserves relativistic causality. This is strong motivation for the assumption.
Proof. Let E s & p be the positive operator associated to the joint measurement result {s, p}. The proof of the theorem does not generalize to all POVM observables: I show in §7 that the POVM E introduced there satisfies Eq. (3) but it is not the product of its marginal measures (i.e., it violates Eq. (11)).
The theorem shows that as soon as we accept the Hilbert space formalism of quantum theory, as summarized in §2, and relativistic causality, we are forced to accept that quantum theory is nonlocal. To see this, consider two spacelike separated measurements whose correlations are nonlocal, as shown by Bell's inequalities. For these measurements relativistic causality implies the no signalling condition, which implies the JMF, which implies the correlations, which are nonlocal.
We might worry that the nonlocal correlations implied by relativistic causality violate relativistic causality. This is not the case [12] [13] . We can prove this here by noting that the JMF implies the no signalling condition, Eq. (3), which prevents such a violation. (Thus the no signalling condition is equivalent to the JMF.) To see this, sum the JMF, Eq. (2), over p and use p E p = I:
Corollary (State Reduction Formula). Suppose that the state of S + P is τ . Measure self-adjoint observable P, with result p. Let U S be the unitary Schrödinger evolution operator of S during the P measurement. Then the state of S after the measurement is
Remarks. (i) We assume nothing about P (even that it still exists) after the P measurement. (ii) Since we do not assume that Schrödinger's equation applies to a system entangled with another, we cannot interpret Eq. (5) as giving the evolution of S during the P measurement.
Proof. The JMF, Eq. (2), in the current situation is
Using this,
Conversely, if we assume Eq. (5), then a rearrangement of Eq. (7) proves Eq. (6) . Thus the JMF, Eq. (6), and the SRF, Eq. (5), are equivalent. State reduction is simply a way to express the JMF after one measurement has been made, and its result known.
Suppose now that the state τ of S + P comes about as follows. Initially S and P are unentangled, and in states σ 0 and π 0 , respectively. Let S and P interact so that τ = U (σ 0 ⊗ π 0 )U † for some unitary operator U . In this situation a P measurement can also be an S measurement. For suppose that S and P are self-adjoint and nondegenerate, with spectral decompositions S = s i |s i s i | and P = p i |p i p i |. Suppose that S and P are in the pure states |s 0 = a i |s i and |p 0 . Let U (|s i ⊗ p 0 ) = |s i ⊗ p i , as is usual in discussions of quantum measurement. Then U (|s 0
The state of S after the S measurement is U S |s k . To see this, use the identities
In particular, if U S = I, then: If the S measurement has value s k , then after that measurement the state of S is |s k . This is the state after the measurement according to the projection postulate.
When does Schrödinger's equation apply?
In our list of postulates in §2 we did not assume that Schrödinger's equation applies to S if it is entangled with another quantum system. We now prove that Schrödinger's equation applies to S if it is entangled with a P evolving according to Schrödinger's equation. Suppose that at time t 1 the state of S + P is τ . Let V S and V P be the Schrödinger evolution operators for S and P from t 1 to t 2 . Then
Thus the state of S at t 2 , Tr
, is equal to the state given by Schrödinger's equation applied to S alone, V S Tr P (τ )V † S . Ozawa assumes that Schrödinger's equation applies to S if it is entangled with a P being measured. I give two examples.
The first is in his proof of a JMF [4, Th. 5.1], when passing from the third to the fourth member in the equation between Eqs. (9) Prior to stage 1, the state of a quantum system S is σ 0 and the state of a quantum probe P is π 0 . The probe is a subsystem of a macroscopic measuring apparatus. Stage 1 is a unitary evolution of S + P, after which its state is τ = U (σ 0 ⊗ π 0 )U † . After stage 1, the system leaves the measuring apparatus. Stage 2 is a measurement of the probe observable P by the rest of the apparatus. Warning: Ozawa sometimes calls just stage 1 of a measurement a "measurement" [2, Eq. (1) 1 σ p 1 is denoted ρ(t + ∆t | a(t) ∈ {p}) in [1] , and ρ(t + ∆t | p) in [2] and [3] .
Ozawa uses a special case of the "if" part of his "Rule 1" to define the states σ Suppose that S is isolated from just after stage 1 until just after the P measurement in stage 2. Suppose also that if an arbitrary observable S of S is measured just after stage 2, then the probability distribution Pr(s | p) of the outcome of this measurement is given by
Then the state of S is σ The rule is an instance of Ozawa's assumption that Schrödinger's equation applies to a quantum system (here S) entangled with another (here P) being measured. It implies the existence of the states σ p 1 . To see this, first recall that by definition σ p 2 is the state of S after a P measurement with result p. Define σ
Then Eq. (9) is satisfied. By the rule, the state of S is σ p 1 just after stage 1. From his assumptions Ozawa proves that 
How should we understand state reduction?
The assertion "the state of S is σ p 1 just after stage 1" in Ozawa's rule would normally mean "if S is measured just after stage 1, then Pr(s) = Tr (E s σ p 1 )." (The general criterion was described in §2. We have used it above often.) But the rule which asserts the existence of the σ p 1 also precludes this meaning. For the rule requires S to be isolated, and thus not be measured, from after stage 1 until after the P measurement in stage 2. Thus the rule is an instance of Ozawa's assumption which cannot be tested.
Our assumption, Eq. (3), can be tested. The assumption implies, via the JMF, the SRF. We then have the following succession of states of S, which can be stopped at any time to test the state. According to Eq. (1), the state of S just after stage 1 is Tr P (τ ). According to Eq. (8), S then evolves according to Schrödinger's equation until the P measurement. And according to the SRF, the P measurement reduces the state of S to σ p 2 . The state σ p 1 given by Ozawa's rule depends on the result of the P measurement, before that measurement takes place. Bell's inequality is relevant here. Suppose that the system and the probe are spin-1 2 particles brought into the singlet state by stage 1. Then the inequality shows that the measured spin value p from stage 2 does not exist before the measurement, even though p would be correlated with the result of a later measurement of S. Mermin explains this clearly [14] , [15] .
These nonlocal correlations, given by the JMF, imply that the state of S after stage 2, σ p 2 , is given by the SRF, Eq. (5). As stated in §3, the SRF is simply a way to express the JMF after one measurement has been made, and its result known. The state reduction is not a dynamical consequence of Schrödinger's equation; it is a logical consequence of entanglement.
Ozawa's rule forbids us to think in this way; according to the rule, S evolves according to Schrödinger's equation during the P measurement. Instead, we must involve the states σ particles brought into the singlet state by stage 1. After stage 1 is complete, we can choose to measure in stage 2 the spin of the probe in the z-direction or the x-direction. If we choose the z-direction and the result is "up", then the system was prepared in the "down" eigenstate σ ↓ 1 just after stage 1. If we choose the x-direction and the result is "left", then the system was prepared in the "right" eigenstate σ 
The measurement problem
In our proof of the SRF we made no assumptions about the macroscopic apparatus measuring P, other than the minimal requirement that it display measurement results in accordance with the measurement postulate. If we had modeled the apparatus as a quantum system obeying Schrödinger's equation, then we would have the notorious measurement problem: the appearance of a measured value on the apparatus would be a state reduction of the apparatus, which is inconsistent with Schrödinger's equation. We circumvent the measurement problem by not so modeling the apparatus.
If the apparatus cannot be so modeled, then there is no measurement problem. Elsewhere I argue that it cannot [16] . Here, I support this point of view only with the following quotes.
In The Quantum Theory of Measurement, P. Busch, P. Lahti, and P. Mittelstaedt describe the measuring apparatus as a quantum system. Nevertheless, they write "One would expect, and most researchers in the foundations of quantum mechanics have done so, that the problem of measurement should be solvable within quantum mechanics. The long history of this problem shows that ... there seems to be no straightforward route to its solution." [9, p. 138] Kraus also describes the measuring apparatus as a quantum system [8, pp. 81, 99]. But "There are good reasons to doubt that quantum mechanics in its present form is the appropriate theory of macroscopic systems." [8, p. 100] According to A. Leggett, "What is required is to explain how one particular macrostate can be forced by the quantum formalism to be realized. In the opinion of the present author (which is shared by a small but growing minority of physicists) no solution to this problem is possible within the framework of conventional quantum mechanics." [17, p. 231] W. Zurek writes, "The key (and uncontroversial) fact has been known almost since the inception of quantum theory, but its significance ... is being recognized only now: macroscopic systems are never isolated from their environment. Therefore they should not be expected to follow Schrödinger's equation, which is applicable only to a closed system." [18] 7 A POVM which is not experimentally realizable.
Consider the following measurement. A spin- . Thus E and E satisfy the assumption, Eq. (3), that we used to prove the JMF for self-adjoint observables.
Assume now that the JMF applies to all observables, not just those represented by self-adjoint operators. The extended JMF is still equivalent to Eq. (4).
Eq. (4) implies that E s & p in Eq. (4) is the product of its marginal measures:
To see this, replace p with p ′ in Eq. (4), sum over p ′ , and use p ′ E p ′ = I to obtain
Multiply these equations together and use Eq. (4) to obtain Eq. (11) .
The POVM E satisfies Eq. (11). For example,
According to the extended JMF, Pr(s & p) = Tr( E s & p τ ).
The POVM E does not satisfy Eq. (11). For example,
Thus if we accept the extended JMF, then E is not experimentally realizable.
